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On the Zeros of Complex Polynomials in a Given Circle 

M. H. Gulzar 

Department of Mathematics University of Kashmir, Srinagar 190006 

Abstract:- The problem of finding the number of zeros of a polynomial in a given circle is of great interest in 
the theory of the distribution of zeros of polynomials. In this paper we consider the said problem under certain 
conditions on the coefficients of the polynomial or their real and imaginary parts and prove certain results that 
generalize some well-known results on the subject. 
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I. INTRODUCTION AND STATEMENT OF RESULTS 

In the literature many results have been proved on the number of zeros of a polynomial in a given 
circle. Recently M. H. Gulzar [3] proved the following results: 

00 

Theorem A: : Let Let P(z) = /j fl,-Z J be a polynomial o f degree n such that Re(a j ) = GC } , Im( a . ) = f3 • 

.7=0 

and for some positive integers A, /J and for some real numbers k x , k 2 , T ] , T 2 , 

k 2 j3„ </3 n _, < </?, +1 <P M > >P x >r 2 p o . 

Then the number of zeros of P(z) in \z < 8,0 < 8 < 1 does not exceed 

1 , M* 
— log -: — r , where 

logi W 
8 

M* = \a n \ + \(k, - V)a n | + \(k 2 - l)P n \ + 2(a A +P M )- (k l a n + k 2 j3 n ) + \(t 1 - V)a \ 
-x x a Q +|(r 2 -l)/? |-r 2 /? +\a \. 

CO 

Theorem B: Let Let P(z) = ^ a } Z j be a polynomial o f degree n such that Re(aj ) = a . , Im( a ^ ) = (3 ■ 

and for some positive integers A, jU, p, (7 and for some real numbers 
k 1 ,k 2 ,k 3 ,k 4 ;T 1 ,T 2 ,t 3 , t 4 ;0<k 1 < 1,0 <k 2 <l,0<k 3 < 1,0 < k 4 < 1 , < r x < 1,0 < t 2 < 1, 
< z t < 1,0 < t 2 < 1,0 < r 3 < 1,0 < r 4 < 1 , 

^ ^ «2A +2 ^ot 2A > > a 2 > t,a a 

2 

M < <P 2p+2 <P 2p > >P 2 >t 3 J3 

[ 2 J 

KPn ^ <P^ x <P 2a _ x > >P 3 >T 4 /3 r 

[ 2 J 

If n is even, then P(z) has all its zeros in the disk r y < z < r 2 , where 
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K M' 

M \a„\ 

with 

M = \ a n | + h-1 1 + K I + |(*1 - I + |(*2 " !)«n-l | + |(^3 " DA | + |(*4 " DA-1 

+ 2{a 2A + a 2fl _ t + p 2p + p 2a _ x ) - (k 1 a n + k 3 f5 n ) - {k 2 a n _ x +k 4 /3 n _ x ) 

- ij 2 a x + r A P x ) - (r^o + r 3 /? ) + |(r, - V)a \ + |(r 2 - V)a 1 \ + |(r 3 - l)/? 

+ |0- 4 -i)A| 

and 

^ ' = 1 + |«1 1 + |«0 | + |(^1 - l ) a n\ + \( k 2 - l ) a n-l\+\( k 3 ~ l ) J 3 n\ + \( k 4 " D A- 

+ 2(a 2A + a 2fl _, + P 2p + p 2a _ x ) - (k 1 a n + k 3 p n ) - (k 2 a n _ x +k 4 f3 n _ x ) 

- (r 2 a i + r A P x ) - {r x a Q + t 3 /3 q ) + |(Tj - l)a Q \ + |(r 2 - 1)^ | + |(r 3 - l)/? 

+|(^4 -DAI- 

If n is odd, then P(z) has all its zeros in the disk R { < |z| < R 2 , where 
'«ol - M' 



R, = and R 9 — . 

M" \a n \ 

and M" and M"' are respectively the same as M and M' , except that k 1 ,k 2 ,k 3 ,k 4 are respectively 

replaced by k 2 ,k l ,k 4 ,k 3 . 

In this paper we shall find a bound for the number of zeros of the polynomials of Theorems A and B in a 
circle of any positive radius. In fact, we prove the following results: 

CO 

Theorem 1: Let Let P(z) = V a jZ J be a polynomial o f degree n such that Re(a ; )-a j, Im( a ^ ) = (3 ■ 

and for some positive integers A, /J and for some real numbers 
k l ,k 2 ,r l , t 2 ;0<k l < 1,0 < k 2 < 1,0 < z x < 1,0 <r 2 < 1, 

M„ ^ a n-\ ^ ^ a x + i ^ a x^ a z-i * >a x >x,a a 

*2 A * A-l * * / Vl * Pm * fa * "A " r iAo- 

Then the number of zeros of P(z) in |z| < — (R > 0, C > 1) does not exceed log -j — j , where 

c log c a 1 

M x = |a„ |* n+I + \a 1 + " [\a n \ + \j3 n \ - k, (\a n \ + aj- k 2 (\j3 n \ + j3J + a A + J3 M ] 

+ R x [a A - x x (\a |+a ) + |« |] + *" [J3 M - r 2 (\j3 \ + J3 ) + \j3 \] for R > 1 

and 

M, = \a„ \R n+1 +\a \ + R" [\a n \+\A\-k, (\a n \ + a n )-k 2 (\j3 n \ + j3 n ) + a A + M ] 
+ R[a A +J3 fj -T 1 (\a Q \ + a )-T 2 (\j3 \+j3 ) + \a \ + \j3 \] for R<1. 

Remark 1: Taking R=l and c — — ,0<e> < 1 , Theorem 1 reduces to Theorem A. 

s 

For different values of k 1 ,k 2 ,T 1 ,T 2 , Theorem 1 gives many other interesting results. 

CO 

Theorem 2: Let Let P(z) = a jZ j be a polynomial o f degree n such that Re(a ; ) = a } , Im( a, ) = f3 . 

and for some positive integers A, JU, p, (J and for some real numbers 
k l ,k 2 ,k 3 ,k 4 ;r l ,T 2 ,T 3 , r 4 ;0 < k t < 1,0 <k 2 <l,0<k 3 < 1,0 < k 4 < 1 , < t x < 1,0 < r 2 < 1, 
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< r 3 < 1,0 < r 4 < 1 , 

^ ^ «2A +2 ^o: 2A > > a 2 > T,a 

L _ J a 

2 

M * <Lfi 2p+2 <Lfi 2p Z >/3 2 >t 3 /3 

KPn ^ <fi^<P 2a _ x > >P 3 >Tj v 

Z[ I 1 

2 



Then, for even n, the number of zeros of P(z) in in |z| < — (R > 0, C > 1) does not exceed log -j — j , 

c log c \a 1 

where 

M 2 = \a n \R n+1 +\a \ + R" [\a„ | + \j8 n \ - k, (\a n \ + a n ) - k 2 (| jB n \ + j3J + a A + J3 M ] 
+ R* [a x - t x (\a 1 + « ) + |« |] + ^ [J3 M - r 2 (\j3 | + J3 ) + \j3 1] for R > 1 

and 

M 2 = |a„ + |a 1 + R" [\a n \ + \j8 n \ - k, (\a n \ + aj- k 2 (\jB n \ +J3 n ) + a x + jB M ] 
+ R[a A +J3 M -T { (\a Q \ + a )-T 2 {\p Q \+ p o ) + \a Q \ + \P Q \] for R<\. 

i | R 1 Af 2 ' 

If n is odd, the number of zeros of P(z) in z < — (R > 0, C > 1) does not exceed log -j — r , where 

C log C \a 



M 2 is same as M 2 except that k l ,k 2 ,k 3 ,k 4 are respectively replaced by k 2 ,k 1 ,k 4 ,k 3 . 
For different values of k l ,k 2 ,T 1 ,T 2 , Theorem 2 gives many interesting results. 

CO 

Theorem 3: Let Let P{z) = & -Z ' be a polynomial o f degree n such that for some positive integers X, jU, 
and for some real numbers k 1 ,k 2 ,T l ,T 2 , < k l < 1,0 <k 2 < 1,0 < Z~j < 1,0 <T 2 < 1, 



^ ^\a 2X+2 \<\a 2 A> > \a 2 > r, \a \ 



2[-H 



Then for even n the number of zeros of P(z) in d < — (R > 0, C > 1) does not exceed 

C 

where for R > 1 , 

M 3 = \a n \R n+1 + |a n _! |i? B+1 + |a 1 + 7?" | + (1 - k t )\a n \ + (1 - k 2 )\a n _ x \ 
+ cos a(2\a 2A | + 2 \a 2fl | - £ t |a n | - & 2 |a n _, | - r 2 k | - t x \a 1) 

n-2 

+ sin a(k 1 \a n | + k 2 |a B _, | + r 2 |aj | + r t |a 1 + 2^ I)] 

7=2 

and for 7?<1, 

M 3 = \a n \R" +2 + |a n _! + |a 1 + /?[!«! I + (1 - k, )\a n I + (1 - k 2 )\a n _, I 



1 M 3 
log 



logc a c 
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+ cos a(2\a 21 | + 2|a 2jU | - k l \a n | - k 2 \a n _ x | - t 2 \a r | - r, |a 1) 

ra-2 

+ sin«(^ 1 |a )1 | + fc 2 | fl n-i| + T 2\ a \ \ + r i| a o| + ^^| a j|)]- 

7=2 

If n is odd, then the number of zeros of P(z) in Id < — (R > 0, C > 1) does not exceed log - — j , 

c log c |a 1 

where M 4 is same as M 3 except that k x , k 2 are respectively replaced by k 2 ,k 1 . 

For different values of k x ,k 2 , Theorem 3 gives many interesting results. 

II. LEMMAS 

For the proofs of the above results we need the following results: 

Lemma 1: If f(z) is analytic in |z| < R ,but not identically zero, f(0) ^ and f(a k ) = 0, k = 1,2, , n , then 

1 f Q a \og\f(Re' \d0 - bg|/(0)| = |>g R 



2tt 



Lemma 1 is the famous Jensen's theorem (see page 208 of [1]). 

II II I I T 

Lemma 2: If f(z) is analytic and \f(z) <M(r)in z < r , then the number of zeros of f(z) in H<— ,C>1 



does not exceed 



1 M(r) 
log 



logc °|/(0)| 
Lemma 2 is a simple deduction from Lemma 1 . 



Lemma 3: Let P(z) = ^ CLjZ^ be a polynomial o f degree n with complex coefficients such that for some 

7=0 

I I ft 

real a, j3 , |arg a j - /?| < a < — ,0 < j < ft, and 

\dj > a^_J,0< J<ft,then for any t>0, 

\tcij - aj_A < (t\aA - la^hcosa + (t\aA + |a yM |) sin a . 

Lemma 3 is due to Govil and Rahman [2]. 

III. PROOFS OF THEOREMS 
Proof of Theorem 1: Consider the polynomial 

F(z) = (l-z)P(z) 

= (\-z)(a n z" + a n _ x z n ^ + +a r z + a ) 

= -a n z n+l +(a„ -a n _ x )z" + +(a 1 -a )z + a 

= -a n z n+l +« ~(K -!)a„z" +(M„ -a«-i)z" +(«„_, -«„_ 2 )z" _1 

+ + +( a A ~ a A-i)z A + ■+(«! -^a^z 

+ (t, -l)a z + i{-(k 2 -\)/3 n z" +(k 2 /3 n -p n _ x )z" + (/?„_! - (3 n _ 2 )z"- x + 

+ (^ +J -P,)z M+l + ~fi^)z M + + (A -r 2 /? )z + (r 2 -l)/? z} 

For |z| <R,we have by using the hypothesis 

|F(z)|<|fl \R n+1 + \a \ + (l-k 1 )\a n \R" +(a n _ 1 -k x a n )R" +(a„_ 2 -a n _ x )R- 1 + 
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+ (a x - a x+l )R A+l + (a x - a x _ x )R A + ,+ (a 1 -T 1 a )R + Q.-T 1 )\a \R 

+ (l-k 2 p n \R n +(/3 n _ 1 -k 2 /3 n )R n +(j3 n _ 2 -p n _ { )R nX + 

+ (P M - P M+1 )R M+l + (P M - P^ )R M + + (/?, - r 2 p )R + (1- t 2 )\p \R 

For R>1, 

\F(z)\ < \a n \R" +l +\a Q \+ R" [(1 - k { )\a n \ + a n _ x - k x a n + a n _ 2 - a n _ y + 

+ «i +2 " "x+i +<*z- <* M +(l~k 2 )\0 n | + P n _ x - k 2 p n + p n _ 2 - p n _ x + 

+ P M+2 ~ P M+ i +P M ~ P M +i ] + R A [a A - a x _, + a x _, - a x _ 2 + 

+ a 1 -T 1 a 02 +a-t l )\a \] + R fi [P fl -P^+P^ ~P^ 2 + 

+p l -r 2 p Q +a-T 2 )\p \] 

= \a n \R n+[ + \a 1 + R" [\a n \ + % \ - k, (\a n \+aJ- k 2 (\P n | + fi n ) + a x + fi M ] 

+ R A [a x -r l (\a \+a ) + \a \] + R" [fl, - r 2 (\p o \+P ) + \P \] 
For R<1, 

\F(z)\ < \a„ \R" +l + |a 1 + R" [\a n \ + \P n \-k { (\a n \ + a n )-k 2 (\P n \ + p n ) + a x +P M ] 
+ R[a x +P M -T^a^ a ) - r 2 (\p \+ p Q ) + \a Q \ + \p \]. 

Hence by Lemma 2, the number of zeros of F(z) and therefore P(z) in Id < — (R > 0, C > 1) does not exceed 

C 

1 , M l 

log - — - , where 

logc \a \ 

M, = \a n \R" +l +\a \ + R" [\a n \ + \/3 n \ - k, (\a n \ + a n ) - k 2 (| H \ + P n ) + a x + M ] 
+ R x [a x - t x (\a Q | + « ) + |« |] + ^ [fi M - t 2 (\p 1 + P Q ) + \p \\ for R > 1 

and 

M { = \a n \R" +l + \a \ + R n [\a n \ + \P n \ - k x (\a n \ + aj- k 2 (\P n \ + fi H ) + a, + M ] 
+ R[a x +p M -r 1 (|a | + a )-r 2 (|^ |+^ ) + |a | + |^ |] for R<\. 

That proves Theorem 1 . 

Proof of Theorem 2: Let n be even. Consider the polynomial 
F(z) = (1 - z 2 )P(z) = (1 - z 2 )(a n z" + a n _ lZ - 1 + + a x z + a ) 

= -az" +2 -a n _ lZ n+l + (a n - a n _ 2 )z n +{a n _ { -a n _ 3 )z"^ + +(a 3 -a { )z 3 

+ (a 2 - a Q )z 2 + a x z + a Q 

= -a„z n+2 -a n _ x z n+l -(k x -l)a„z" +(k l a„ -a n _ 2 )z" -(k 2 -l)z"- 1 

+ (k 2 a„_ l -a n _,)z n - 1 +(a n _ 2 - a n _ A )z n ' 2 + (a n _ 3 -a n _ 5 )z n ~ 3 + 

+ (a 3 - T 2 a x )z 3 +(r 2 «i -a x )z 3 +(a 2 - T x a )z 2 +(r x a Q -a )z 2 

+ a lZ + a Q +i{-(k 3 -l)P n z" +{k 3 p n -P n _ 2 )z n ~(k 4 -DP^z- 1 

+ (KP n - i -P n -i)z"- l +(P n _ 2 -P„_ 4 )z"- 2 +(P n _ 3 -P n _ 5 )z n - 3 + 

+ (P 3 -TJ X )Z 3 +(T 4 P -P X )Z 3 +{P 2 -T 3 P Q )Z 2 +(T 3 P Q -P Q )Z 2 . 
For |z| <J?,we have by using the hypothesis 

\F(z)\<\a \R" +2 +\a n _ l \R" +1 +{\-kAa\R n +(a n _ 2 -k x a n )R" +(l-k 2 )\a n _ 1 \R"- 1 
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+ (a n _ 3 -k 2 a n _ x )R"~ l +(<z„_4 -a n _ 2 )R"~ 2 +(a n _ s -a n _ 3 )R"~ 3 + 

+ {a 2X -a 2A+2 )R 2A+2 +(a 2A -a 2X _ 2 )R 2X + {a 2p _ x -a 2M+x )R 2 ^ 

+ ( a 2 M -i ~ a 2 M -3) Rl ^ 1 + + (^3 ~t 2 cc x )R 3 +(l-r 2 )\a l \R 3 

+ (a 2 -r x a )R 2 +(l-r l )\a \R 2 + \a x \R + \a \ + (\ - k 3 )\/3 n \R" 

+ + - A CT+1 )^ 2tJ+1 +(A CT -i - p2^)R 2a ~ l +(A -^A)^ 3 

+ (l-r 4 )|/? 1 | J R 3 +(/? 2 -r 3 /? )# 2 +(l-r 3 )|/? |# 2 

For /?>1, 

|F(z)| <K|^" +2 +K_ 1 |i?" +1 + \a \ + R n [(l-k 1 )\a n \ + a n _ 2 -k x a n + (\-k 2 )\a n _,\ 
+ a n _ 3 - k 2 a n _ x + a n _ A - a n _ 2 + a n _ 5 - a n _ 3 + 

+ a 2A ~ a 2A+2 a 2A ~ a 2A-2 + a 2fi-l ~ ff 2^+l 

+ aVi " a 2 fJ -3 + + a 3 - r 2 a x + (1 - r 2 )|a, | 

+ (a 2 -r l a ) + (l-r l )\a \ + \a \ + (l-k 3 )\/3 n \ 
+ Pn-2 ~ k 3 P n + + P 2p ~ P 2p+2 + P 2p ~ P 2p - 2 

+ + P 2 a-1 - $2a+\ + 02*-l ~ 02a-3 + A " UPl 

+ (1 - r 4 )\p x \ + (P 2 -t 3 P q ) + Q.- r 3 p 1 + |a, |] 
= \a n \R" +2 + \a n _ x \R" +l + \a \ + R" [\a n \ + \fi n \ + \a n _ x \ + \(3 n _ x \ 
+ 2(a 2A + a 2fl _ x + (3 2p + fi 2a _ x ) - (k t \a n \ + k 3 \fi n |) 

- (k 2 \a n _ x | + k 4 \fi n _ x |) - (j 2 a x + z 4 /3 x ) - (z x a + r 3 /? ) 

+ (l-r 2 )\a 1 \ + (l- t x )\a 1 + (1 - r 3 )\/3 x |(1 - r 4 )\j3 \ + \a x |] . 
For R<1, 

\F(z)\ < \a„ \R" +2 + \a n _ x \R" +l +\a \ + R[\a n \ + \/3 n \ + \a n _ x \ + \j3 n _, \ 
+ 2(a 2A + a 2fl _ x + p 2p + p 2a _ x ) - (k x \a„ \ + k 3 \p n |) 

- ( k 2 K-i | + k 4 \P n _ x |) - (r 2 a x + t a /3 x ) - (t x a + r 3 fi ) 

+ (1 - t 2 )\a x | + (1 - t x )\a 1 + (1 - r 3 )\j3 x |(1 - r 4 )\/3 \ + \a x |] . 

Hence , by Lemma 2, the number of zeros of F(z) and therefore P(z) in m < — (R > 0, C > 1) does not 

C 

1 M 2 

exceed log , where for R > 1 , 

log c \a 1 

M 2 = \a n \R" +2 + \a n _ x \R n+l + \a Q \ + R n [\a n \ + \j3 n \ + \a n _ x \ + \j3 n _ x \ 
+ 2(a 2A + a 2M _ x + p 2p + p 2a _ x ) - (*, \a n \ + k 3 \j3 n |) 

" ( k 2 1 + k 4 \Pn-\ |) " (^2«1 + *4 Pi ) - (^"l«0 + ^ 3 Po ) 

+ (1 - z 2 )\a x | + (1 - z x )\a 1 + (1 - t 3 )\fi x |(1 - r 4 \ + \a x |] , 
and for R<1, 

M 2 =\a n \R" +2 + \a n _ x \R" +l + \a \ + R[\a n \ + \fi H \ + \a n _ x \ + \j3 n _ x | 
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+ 2(a 2A + a 2fl _ x + (3 2p + /? 2CT _i ) - (k l \a n \ + k 3 \fi n |) 

" (^2 \<*n-l | + k 4 \Pn-\ |) " ( r 2«l + ^4 A ) " (^1«0 + *" 3 A, ) 

+ (1 - r 2 )|«, I + (1 - Tj )|a 1 + (1 - r 3 )|^ |(1 - r 4 )|/? 1 + k |] . 

The proof for odd n is similar and is omitted. 
That proves Theorem 2. 

Proof of Theorem 3: Suppose that n is even and the coefficient conditions hold i.e. 

fcikk ^k^kkik ^kk^kl 

k 2 K-l | ^ ^ \a 2M+ l | ^ |«2 A -1 1 ^ ^ |«3 I ^ ^2 K |- 

Consider the polynomial 

F( Z ) = (1 - z 2 )P(z) = (1 - z 2 )(a„z" + a^z"" 1 + + a x z + a Q ) 

= -az n+1 -a n _ x z n+l +(a n - a n _ 2 )z n +(a n _ l -a n _ 3 )z"~ l + +(a 3 - a x )z : 

+ (a 2 - a Q )z 2 + a x z + a Q 
= -a n z n+2 -(*, -Da n z n +(k l a„ -a„_ 2 )z n -(k 2 -\)a n z n ~" 

+ (k 2 a n _ l -a n _ 3 )z"~ l +(a„_ 2 -a n _ 4 )z"~ 2 +(a„_ 3 -a n _ 5 )z"~ 3 + 

+ (a 2A+2 -a 2A )z 2A+2 +(a 2A -a 2A _ 2 )z 21 + + (a 2fl+1 -a 2fi _ x )z 2 " +y 

+ ( a 2 M -\ ~ a 2n-i)z lflX + + ( a 3 - '^2 a \)z i +(r 2 a l -ajz 3 

+ (a 2 - T y a Q )z 2 + (7ja - a )z 2 + a x z + a 

For |z| <i?,we have by using the hypothesis and Lemma 3 

\F(z)\<\a n \R" +2 +\a n _ l \R" +l + Q.-k l )\a„\R n +\a n _ 2 -k { a n \R n + {\-k 2 )\a n _ l \R n 



-i 



+ 


K-3 


k 2 a n _\ 


\R"-' 


+ 


\ a n-4 a n-2 


K 2 +K 


-5 ~ a n- 


3 \R"- 3 + 


+ 


\ a 2A 


n \R 2A+2 
u 2l+2 


+ 


a 2X ~ a 2X-2 


R 2X + 


a 2p-\ ~ 


a \R 2p+l 

u 2/i+l " 


+ 


a 2»- 


1 ^2^-3 


R 2 " 


4 4 


+ k ~ 


• z 2 a x i? 3 + (1 - r 2 


)\a x \R 3 


+ 


\a 2 - 


- \R 2 


+ (1 


-r x )\a Q \R 2 + 


a { \R + \a \ 






,\R" +2 


+ k-i 


+ 




| + (1- 


-fc 2 )k-i 



+ (\a n _ 2 1 - k l |fl n |) cosa + (|a n _ 2 1 + k 1 \a n |) sin a + (\a n _ A \ - \a n _ 2 |) coso: 
+ (k_ 4 | + k_ 2 |)sina + + (| 

a 2A | ki+2 1) cos of + \\a 2 x | + ki+2 1) sin of 
+ (ki | - ki-2 1) coso; + {\a u \ + \a 2l _ 2 1) sin a + + (|a 2/M | - \a 2/l+J |) cosa 

+ ( a 2/.i-l | \ a 2/j+l |) ^ (k//-l | k//-3 |) COSOf + (k ;U _ 1 1 + k//-3 |) S ^ ^ 

+ + (|a 3 | - t 2 k |) coso; + (k| + r 2 k|) sin a + (1 - r 2 ) fl i + 0- ~ T i )\ a o\ 

+ (|a 2 | - t 1 k |) cosof + (|a 2 | + rJa )sin a + laA] 
= \a n \R n+2 + |a n _! \R" +l +\a Q \+ R n [\a, \ + {\-k x )\a n \ + {\-k 2 )\a n _, \ 
+ cos Of(2|a 2A | + 2\a 2fJ — k x \a n | - k 2 \a n _ x \ — r 2 \a^\ — t x \a 1) 

n-2 

+ sin o;(A: 1 \a n | + k 2 \a n _ x | + r 2 k | + r, \a Q | + 2^ k |)] 

j=2 

for 7?>1. 

For R<\, 
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\F(z)\ < \a n \R n+2 + |fl„_, \R n+l +\a \ + /?[|a 1 1 + (1 - k, )|a„ | + (1 - k 2 )|a n _ I | 
+ cos a(2\a 2A | + 2a 2 I — k x \a n | - k 2 \a n _ { | - r 2 |a, | - r, \a 1) 

n-2 

+ sin \a n | + £ 2 |a B _j | + r 2 |a, | + x x \a 1 + 2^ |a^. |)]. 

Hence , by Lemma 2, the number of zeros of F(z) and therefore P(z) in m < — (R > 0, C > 1) does not 

C 

1 M 3 

exceed log -j — - , where for R > 1 , 

logc \a \ 

M 3 = \a n \R n+2 + |a n _j |/? n+I + |a 1 + /?" [\a, \ + {\-k, )\a n \ + {\-k 2 )\a n _, \ 
+ cos a(2\a 2A | + 2\a 2fl | - |a n | - & 2 |a B _, | — t 2 \a t | - t l |a 1) 

n-2 

+ sin |a B | + £ 2 |a n _, | + r 2 \a x | + r, \a Q | + 2^ |a y . I)] 

j=2 

and for #<1, 

M 3 = \a n \R" +2 + |a n _j |/e fl+1 + |a 1 + R[\a x \ + (1 - k, )\a n \ + (1 - k 2 )\a n _, \ 
+ cos a(2\a 2A | + 2|a 2jU | - ^ |a n | - k 2 \a n _ x | - r 2 |a x | - r, |a 1) 

+ sin |a n | + k 2 \a n _ x | + r 2 |a, | + r t |a 1 + 2^ |a 7 - 1)]. 
That proves the result for even n. The case when n is odd is similar and is omitted. 
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